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Abstract:

In this paper, we introduce the notion of interval —valued intuitionistic Q-fuzzy graphs and
describe various methods of their construction. We also present the concept of interval-valued

intuitionistic Q-fuzzy regular graphs.
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1.Introduction:

In 1736, Euler first introduced the notion of graph theory. In the history of mathematics, the
solution given by Euler of the well known Konigsberg bridge problem is considered to be the first
theorem of graph theory. This has now become a subject generally regarded as a branch of
combinatories. The theory of graph is an extremely useful tool for solving combinatorial problems
in different areas such as geometry, algebra, number theory, topology, operation Research,
optimization and computer Science. In 1975 , Rosenfeld [8] introduced the concept of fuzzy
graphs. The fuzzy relation between fuzzy sets were also considered by Rosenfeld and he
developed the structure of fuzzy graphs, obtaining analogs of several graph theoretical concepts.
Mordeson and Peng [4] introduced some operator on fuzzy graphs,. Shannon and Atanassov [7]
introduced the concept of intuitionistic fuzzy relation and intuitionistic fuzzy graphs, and
investigated some of their properties. Recently Akram and Dudek [1] have studied some
properties of interval —valued fuzzy graphs. In 1975, Zadeh [10] introduced the notion of interval
—valued fuzzy sets as an extension of fuzzy sets [11] in which the values of the membership
degree are intervals of numbers instead of the numbers. The notion of interval —valued
intuitionistic fuzy sets was introduced by Atanassov and Gargo [3] in 1989 as a generalization of
both interval —valued fuzzy sets and intuitionistic fuzzy sets. Grrstenkorn and Manko [6] re-
named the intuitionistic fuzzy sets as bi fuzzy sets in 1995. A.Solairaju and R.Nagarajan [9] have
introduced and defined a new algebraic structure called Q-fuzzy subgroups.

In this paper, we introduce the notion of interval —valued intuitionistic Q-fuzzy graphs and
describe various methods of their construction. We also present the concept of interval-valued Q-

intuitionistic regular graphs.
2. Preliminaries

We first recall some basic concept which are used to present the paper.

2.1 Definition: A Q-fuzzy graph G = [u, y] is a non-empty set V together with a pair of functions
p:VxQ —[0,1]and y:Vx VxQ - [0,1] such that y ({x, ¥})q < min{ u(x, q), u(y, q)} for all
x,y €V and g € Q. Q-fuzzy graph is a graph consists of pairs of vertex and edge that have degree

of membership containing closed interval of real number [0,1] on each edge and vertex.

2.2 Definition: An interval number D is an interval [a~,a*]with 0 < a~ < a* < 1. The interval
[a, a] is identified with the number a € [0,1]. D[0,1] denotes the set of all interval numbers.

For interval numbers D, = [a7, b{] and D,=[a3, b5 ], we define
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(1) rmin(Dy, D;) =r min ([ag, by], [az,b7]) = [min{ay, a; }, min{b{, b; }]
(2) r max(Dy, D;) = r max ([ay, by'], [az, b7 ]) = [max {a1, az}, max {b], b;'}]

3D, +D,=[a; +a; —aji.a;, b + b5 —bi.bS ]

2.3 Definition: The interval-valued Q-fuzzy set A in V is define by
A= {(x, [tz (x,q), 1kt (x,q9)]) | x € V}, where u; (x,q) & uf(x,q) are Q-fuzzy subsets of V such
that p; (x, q) < ui(x,q) forallx € Vand g € Q.

2.4 Definition: By an interval -valued Q-fuzzy graph G* = (V, E) we mean a pair
G=(A,B),where A=[uy,u4] is an interval-valued Q-fuzzy set on V and B==[uz,us] is an

interval-valued Q-fuzzy relation on E.

2.5 Definition : For a non- empty set G, we call a mapping A=(u4,v4):G x Q »D[0,1]x D[0,1]
an interval —valued intuitionistic Q-fuzzy setif u}(x,q) +V,(x,q) <1 and
Uas(x,q) +va(x,q) <1 forall x € G,where the mapping

Ha(x, @) = [uz (x,q), ui(x,q)]: G xQ-D[0,1] and

va(x,q) = [ys (x, @), vi(x,@)]:GxQ-D[01]
are the degree of membership functions respectively. We use 0 to denote the interval-valued fuzzy
empty set and 1 to denote the interval-valued fuzzy whole set in a set G, and we define

0(x,q) =[0,0] and 1(x,q) = [1,1],forall X € Gandg € G

2.6 Definition: If ¢G* = (V,E) is a graph, then by an interval —valued intuitionistic Q-fuzzy
relation B on a set E, we mean an interval —valued intuitionistic Q-fuzzy set such that
up(xy,q) <vmin ( ua(x,q), pa(y,q))

Ye(xy, @) = rmax ( ya(x,q), va(v,q))
forall xy € Eand g € Q.

3 .Interval —valued intuitionistic Q-fuzzy graphs
3.1 Definition: An Interval —valued intuitionistic Q-fuzzy graph with underlying set V is defined
to be a pair G = (A,B) where
(i) The functions u,:V x Q - D[0,1] and y,:V x Q — DJ[0,1] denote the degree of
membership and non-membership of the element X € V, respectively such

that 0 < pa(x,q)+ ya(x,q) <1forallx € Vandgq € Q.
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(ii) The functions ug :ES V X V. x Q - D[0,1] & yz :ES V X V x Q - D[0,1]
and defined by up({x,y}q < rmin ( pa(x,q), na(y,q))and
ve({x,yDq = rmax ( ya(x, @), va(y,q))
suchthat 0 < wuu(x, q)+ va(x,q) <1 forall{x,y}€ Eandq € G.
We call A an interval —valued intuitionistic Q-fuzzy vertex set of V, B an interval —valued
intuitionistic Q-fuzzy edge set of G, respectively. Note that B is a symmetric interval —valued
intuitionistic Q-fuzzy relation on A .we use thethe notation xy for an element of E. Thus
G=(A,B) is an interval —valued intuitionistic Q-fuzzy graph of G(V,E) if
up(xy,q) <vmin ( ua(x,q), pa(y,q))
Ye(xy,q) = v max ( va(x,q), vav,q))
forall xy € E and q € Q.
Example 3.2: Consider a graph G* = (V, E) such that V={x, y,z},E=[xy, yz,zx}. Let ‘A’be on
IVIQFS of V and let B be on IVIQFS of ES V x V defined by

. X Yy z X y z
A _« [0.2,0.3] ’.[0.1,0.4] ’ [0.3,0.5])’ ([0.3,0.4] ’.[0.2,0.6] ’ [0.1,0.7] ))

=i Xy vz zx xy vz zZx
B _« [0.03,0.2] ’.[0.04,0.05] ’ [0.01,0.07])’ ([0.1,0.4] ’[0.06,0.3] ’ [0.07,0.3] ))

By routine computations, it is easy to see that G=(A,B) is a IVIQFG of G.
3.3 Definition: Let A= (u,,7,) and A'= (u,',v,' )oe a IVIQF subsets of V; and V, and B=(uz,y5)
and B'=(ug', v5') be IVIQF of subset of E;and E, respectively .The Cartesian product of two
IVIQFGS. G, and G, of the graphs G; and G; is denoted by G; X G, = (A x A',B x B) and is
defined as follows,
(i) (uaxpa’) (o1, x5)q = rmin (pa(xg, ), pa' (2, 9))
(a x ¥a) (1, 22)q = 7 max (va(x1, ), va'(x2,q)) forall (xy,x,) EV,q € G.

(i) (up X ") (1, %) (¥1,¥2))q = Tmin (palx, q), us' (6232, 9))

(¥s X YBI) ((x1,x2) (1 ;J’Z))q = rmax (ya(x,q), VBI(sz’z» q))
forall x € V;, for all x,y, € E,.

(i) (up x ") ((x1,2) (31 ,2))g = v min (ug(x1y1,9), 1a'(z, @)
e Xve) ((x1,2)(y1,2)q = r max (yp(x1y1,9), va'(2,9))
forallze V,, forall x;y, € E;.
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Proposition 3.4: Let G, and G,be the two interval —valued intuitionistic Q-fuzzy graphs. Then
Cartesian product G; X G, is an interval —valued intuitionistic Q-fuzzy graphs.
Proof: Let x € V,, x,y, € E, then

(ug X ug") ((x, %) (x ,¥2))q = rmin {( pa(x, @), ' (22, 0}
< rmin {(pua(x, @), rmin (uy' (%2, @), ua' (v2, 0)}

=rmin {r min (u,4(x,q), ,uA/(xz, q)),rmin( us(x,q), (.UAI(YZ: Q))}
=rmin {( pa X ua') (x X2) g ( Ha X ta') (x,¥2)q)}

(e X v8'") ((x,x)(x,¥2))q = rmax {( yalx,q),vs' (x2¥2,q)}
> rmax {(va(x, @), rmax (va'(x2,9),v4' 02, 9)}

=r max {r max (y,(x,q),va'(x2, ), 7 max (v4(x, @), v4 02, 0))}

=rmax {( yaX va) (x,%2)q, ( Va X ¥a) (x,¥y2)q}

Letze V,, x;y, € E; then
(ug X ug") ((x1,2) Oy ,2))q = rmin (up(x1y1,9), 1a'(z, )

< r min {T' min (:uA (xli q)' #A(yp q))' ,LLAI(Z, q)}
=r min {r min (us (1, 9), 1a'(z,)), 7 min (a1, 9), 1a'(z,9))}

=rmin{(ua X pa) (x1,2) q» (a X 1a' r1,2)q}
(e Xv8') ((x1,2)(1,2)q = rmax (yp(x:1¥1,9), va'(2,q))

> r max {r max (ya(x1,4),va(1,9)), va' (2, q)}
=r max {r max (ya(x1,9), ¥a'(z, @), max (va1,q), va'(z, @)}

=rmax {(ya X ¥a') (x1,2) g Va X ¥a) (1, 2) 4}

3.5 Definition: Let A= (u,,v,) and A'= (', v4') be an IVIQF subsets of V; and V, and
B= (ug,v5) and B'= (ug’, y5') be IVIQF of subset of E;and E, respectively .The Composition of

two IVIQFGs G, and G, is denoted by G, [G, ] = (AoA’, BoB') and is defined as follows,
(i) (a0 pa') (1, x3)q =7 min (ua(xy,q), pa'(x2,9))
(va0 v4') (x1,%2)q = ¥ max (ya(xy, q), va'(x2, @) forall (x; ,x;) € V.
(ii) (po pg") (6, x2)(x,¥2))q =1 min (ua(x, @), ps' (X2y2,9))
(Y80 vs') (6, x2) (%, ¥2))q =7 max (va(x,q), vg' (x2y2,9))
(i) (pgoug') ((x1,2)(y1,2))q =1 min (us(x1y1,9), 4’ (2, @)
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(v50vs') ((x1,2)(y1,2))q =17 max (vp(x:151,9), va' (2, Q)
(iv) (upo pp') ((x1,x2) 1, ¥2))q = 7 min (pa' (2, @), tia' V2 @), s (X131, @)

(vsovs') (1, x) 1, ¥2))q =1 min (v4' (x2,q), va' 2, @), ve(x1¥1, Q)
for all (x; x,)(y, y,) € E°-E.

Proposition 3.6: Let G, and G,be the two interval —valued intuitionistic Q-fuzzy graphs. Then
Composition of G,[G, ] is an interval —valued intuitionistic Q-fuzzy graphs.
Proof:
Letx € V;, x,y, € Ethen
(upo ps") (6, x2) (0, ¥2))q = mmin (ua(x, ), 1s' (2¥2,9))
< rmin {uy(x, q), 7 min (s (%2, q), pa' 2, )}
=rmin {r min (ua(x,q), pa' (2, @) , 7 min (a(x, @), pa' (v2,0))}
=rmin {( a0 pa' )(x, %) , (a0 pa' ), )}
(vs0v8') ((x,x2) (%, 32))q =7 max (ya(x,q), v5' (X2y2,9))
> 7 max {ya(x, @), 7 max (74 (2, 0), ¥a' 72,0 )}

= rmax {r max (y4(x,q), va'(x2,q)) , v max (ya(x,q), va' (v q))}
=rmax {(y40 va' )%, x3) , (Va0 va')(x, ¥2)}

Letz € V,, x,y; €E, then
(ugo ug') ((x1,2)(y1,2))q = r min (ug (X131, ), (14’ (2, 9))
< rmin {rmin(us(x1, q), ka1, @), wa' (2 9)}
< rmin {rmin(us(xy,q), a'(z @) , rmin(ua(y1, @), pa'(z @)}
= rmin { ({40 IJAI) (x1,2) , (pg0 MA/) (1,2)}

(vsovs') ((x1,2)(y1,2))g =1 max (vs(x:1y1,9), ¥a' (2, 9))
> rmax {rmax(ya(x,q), a1, ©), v4'(z 9}
> rmax {rmax(ya(x1,q), v4'(z.@)) ,rmax(va(y1. @), va'(z,0))}
= rmax{(va0vd') (x1,2) . (vao va') (1,2)}

Let (xq x2)(v1 ¥2) € E°-E, SO x,y, € E{ , X, # y,. Then
(#po ug') (X1, 22) V1, ¥2))q =1 min (4 (02, @), pa' 2, @), 5 (X131, )
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< rmin (' (x2,9), pa' V2, @), v min (ua (1, @), a1, 9))
< v min {7 min (ua(x1,9), pa’ (2, @), 7 min (a1, @), pa' @2, )3}
=r min{( 140 pa' ) (%1, %2) g+ (140 14" ) 1, ¥2) g}

(v80vs") (X1, 2%2) (1,¥2))q =7 max (va' (x2,9), va' 02, @), ve(x131,0))
> rmax (Va' (%2, @), va' 2, @), r max (ya(xy, 4),va(1, )
> rmax { r max (ya(x1,q), va' (x2,9)), v max (ya(y1,q), va' 2, 0))}

=1 max{(ya0 va' )(x1, ¥2)g , (Y40 ¥4 Y1, ¥2) 43
This completes the proof.

4.Conclusion: The interval valued fuzzy model give more precision, flexibility and compatibility
to the system as computed to the classical and fuzzy models. It is known that fuzzy graph theory
has numerous applications in Modern science and Engineering, especially in the field of
information theory, neural networks, expert systems, cluster analysis, medical diagnosis, traffic
engineering and control theory. In this paper, we introduce the notion of interval —valued
intuitionistic Q-fuzzy graphs and describe various methods of their construction. We also present

the concept of interval-valued intuitionistic Q-fuzzy regular graphs.
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